Two m x n matrices A,B over a commutative ring R are equivalent i,.ve,-tible nmtrices P, O over R with B PAQ. While any m x n matrix over a principle ideal dota.i, ca, be diagonalized, the same is not true for Dedekind domains. The first author and T..I. Ford
ittroduced a coarser equivalence relation on matrices called homotopy and showed any x mtrix over a. Dedekind domain is homotopic to a direct stun of x 2 matrices. In this article wc giw, necessary and sufficient conditions on a Prefer domain that any m x n matrix be homotolfic to a. direct sum of x 2 matrices. ln). Thus equivalent homomorphisms are homotopic but not conversely. The notion of homotopy of homomorphisms w introduced in [4] to remove most of the obstruction observed by L. Levy in [13] to diagonalization of matrix transformations under equivalence over Dedekind domains. Summarizing some of the results in [4] , homotopy is an equivalence relation on homomorphisms of progenerator modules and tensor product of homomorphis induc a multiplication on homotopy classes which turns this set of cls into a monoid denoted M(R). Each homotopy class is represcnted by at let one matrix transformation, and if R is a Dedekind domMn by a matrix transforma.tio which is a direct sum ]. the mouoid of primitive polynofia,ls with coefficients iu N {0,1,2,..} togctltcr wil, l 0-1)olytomial. If R is a Dedekind domai tlen M(R) is naturally isomorphic to (],,,w,st,m ( atttl tltis isomorphism gives an isomorl)hisn between M(R) and primitive polynomials over N ideterminates indexed by MazSpec(R). q'le purpose of this paper is to determine the extent to which these results can be gctwralizcd to arbitrary doma.ins. In fact, they come close to characterizing Dedekind domains. We first olsct tltat if li' is a commutative ring containing a maximal ideal P such that dinn/t.( P/ P") > 2 tlt(;t, is a honotopy class in M(R) which contains no matrix transformation which is a direct sutn of x tmtriccs. Thus, if R is a Noetherian domain and every homotopy class in 3A(R) contains a ml, rix wlich is a direct sum of x 2 matrices then direr < 1. The inclusion map from a domain R to its itcgral closure R induces a monoid homomorphism .1(/)-(/) which was steadied in [6] . llcrc relax l,]e Noetherian condition and study .(/) for Prfifer domains. If R is a Priifer doma,i o1" Krll ditnension or if R is a Priifer domain of finite character (each nonzero element, of R is i otly finitely many maximal ideals) we show every class in .A(R) contains a represet|ting natrix wlicl is a direct sum of x 2 matrices. If R is any valuation domain with value gt'oup (:; < (R, +) (;+ is 1,]e nonoid of nonnegative elements of G form the monoid PN(G+) of "primitive l)olynomials" :.,,,:+ o.x. with a N, ahnost all a 0 and 9cd{%lgeG + 1. We show j4(R) PN(G+). After givi,g a sliglt generalization of L. Levy's "Separated DivisorTheorem" for matrices over Dedekittd donains [13] , we can show for Priifer domains that .I(R) is naturally isomorphic to t.,nt.sr.(n).,'vl(Rt,) it" and o.ly if R is of finite character and the valuation rings at the maximal ideals of R arc pairwisc independent. The principal examples of Prfifer domains of finite character whose valtation rings at m,ximal ideals are pairwise independent are Dedekind domains and valuation donmins.
Part of this paper appeared in the first author's Ph.D. dissertation written at Colorado Uniw:rsity. This paper was completed while the second author was a visitor at Florida Atlantic University. He wishes to thank department chairman Jim Brewer for his hospitality. We would also like to thank L. Levy for his help with the proof of the generalized Separated Divisor Theorem. which is nilpotent we s Ends(A) has no idempotents other than 0 and so A is an indecomposable S-module. In the same way view G as the relation matrix of the factor ,odue S"'/L; where La is the submodule of S generated by the rows of G. Then S'"I/La is ismnorphic to a. direct sum of modules of the form B, S S/< (a,,B,) >. An easy calculaton shows d,sh(M" A) , dmsm(M. B,) a, and dimsl(A/MA) 2 dimsl(B,/MB,)(1 m). If A then A/MA/ML B,/MB, so L ML so by Nekaya's lemma L (0). In this ce A B, which is impossible by the first dimension count above. Thus A is an indecomposable S-module which is not a direct summand of any B,. By the Krull-Schdt Threm Somalia S(/ and F,G cannot be equivalent matrices over S.
REMARK" If R is noetherian then dim R supes,e()dimle(P/P ) so if R is noetherian, Proposition implies that if every matrix over R is homotopic to a direr sum of x 2 matrices then dim R 1. This may not be the case when R is not noetherian the next result shows.
Let K denote a field and v a vMuation on K with vMue group c (R, +). Let R be the valuation ring corrponding to v. Since R is an elementary divisor ring [9] , each mx n matrix over R is equivalent The following is needed to prove a generalized separated divisor threm. Undefined termiology can be tbund in [7] . be valuations corresponding to P,,P respectively. Since these valuations are pairwise independent, Theorem 22. 9 (2) of [7] implies that for each 0 # z L there is an a Re, Rp, with v,(a) and u(a) 0. If S R-P, O If SA P is the projection let p be a splitting map so R(" p(P)+Q and ker ,1C Q. It the same way S a, P'+T', R () p'(P')+Q' and ker 1' C Q'. Since Sa Sa, there are isomorl)hists a: !'--!" aud 7'+ 7". By Proposition of [12], T is a direct sum of cyclic modules R/L for ideals 0 L C 1.
By lean,ha 3 we can let {L,} be the set of separated divisors of L. The Chinese Retnain(h'r implies R/L +R/L,. Since L, is contained in only one maximal ideal of R, R/L, is local tbr all i.
Since Q/ker o 7", Theorem 1.6 of [11] implies there is a simultanus depositiou of Q an(I ker 0
In the same way there is a simultanus decomposition of Q' and ker 0'. Thus the given isomorpltis T 7" extends to an isomorphism :Q Q' such that +(ker 0) ker 0'. This gives isom<>rpliss + and + p'a + making the commutative diagram (2) Let Istl, lgle ./I(R} with coker(g) and coker(st) torsion R-modules. If Each nonzero element of R is contained in only finitely many maximal ideals of R.
2) If N is a finitely generated submodule of R(") then Re (R) N is a direct summand of R ") for almost all PeMaxSpec(R). We need two ey lemm about valuations on Prefer domains. IEMMA 10. Let R be a Prefer domain of finite character whose valuations at ma.ximal ideals re pairwise independent. Let p p, be a finite set of maximal ideals of R, let G, be the value group of Re, and let 0 < a, G,(1 n). Then there exists a finitely generated ideal of R such that IRe, {o Re, lve,() 9i} and the only maximal ideals of R containing are PROOF: Since the valuations at the maximal ideals of R are pirwise independent, Theorem 22.9 of 7 implies there exists an x Re, ... Re. such that ve,(x) ,(1 n). As we observed in the proof of Lemma 3, we can choose z R. Sin R h finite charter we can let O Q,, be all the maximal ideals of R distinct from {Pi},% such that r O(1 S j m). Again, Theorem 22.9 of [7] implies there are u, R with ve,(,) , and v,(,) 0 for all j i,k. Let I (x, u). Then is finitely generated, IRe, zRe, { Re, lve,(a) E 9,} and the only maximal ideals of R containing re P, ., Pn.
LEMMA 11. Let v,v be valuations on field K with value groups Gt,G2 and valuation rings V, V respectively. If for ch pair (9,) G x G with 0 S and 0 S 9 there is an and v(r)= 9 then the valuation rings v, v are independent. PROOF: (S 9, pg 289 of [7] ). PROOF: Assume R is a Prffer domain of finite character. Lemma 9 giv is a monomorphism. We check that if in ddition the valuation rings at the maximal ideals of R are pairwise independent then is an epimorphism. Let (lgel)e,,s,,<n) be an element of e,,s,,n)(Re). Then ae is an inaage split map for all but finitely many maximal ideMs p p of R. Each I.1 can be reprented by a diagonal matrix (Proposition 2). By tensoring these matric with identity matrices of appropriate sizes we can sume each 19,1 is reprented by a diagonM m x n matrix. Let 19e, be represented by diag(a, a,m)(1 k). Let v, be a valuation determined by the valuation ring Re, with value group G, and let 9, vi(a,)(1 k, j m). Lena 10 gives finitely generated ideals I contained in exactly the maximal ideals P P and IRe, {a RP, Iv,(a) > g,} for < j < m. I,et I11 sucl that l/I corresponds to the element ( l, R(')) of A u {0} under the isomorphisn 6 . Then (Ifl) (lgPl)e,MaSec(R) SO b is an epimorphism.
Conversely, assume the inclusion maps R-Rp for PMaxSpec(R) induce the isomorl)lis Let 0 R and let e, R R by the honomorphism given by left multiplication by a. 'l'lc levi lnl in M(R) if and only if a is a unit in n (Proposition 3(5) of [4]). The inmgc o1"4 will lie in t,,MaSpee(a).A(Rp) only if the image of levi in M(Rp) is Ilm.I for almost all PM,zSpcc(R). This means a it P for almost all PMaxSpec(R) so R must have finite character. Let P,Q be tnaximal ideals of R and let S Rp f RQ. Since is an epimorphism, the induced map ," A/I(S) AI(Rt,)
is an epimorphism. To see the valuation rings R, and P are independent we check the condition of Iemna 11. Let vp and 0 be the valuations corresponding to valuation rings Rp and groul)s (;p,Gq. I,('t 0 < .q Gt, and 0 <_ h GO and let Rp, RQ with vp(a) g, vQtb) h. oll(), liere is a Ihl 3A(S) with II(R)hl levi in M(Re)and Ill, hi Itl in M(RQ). Since S is a s('ilo('al Bczou! donai, s is a elementary divisor domain [9] so we can represent h by the diagonal nalrix (liag(c, ,c,.). As we saw in the proof of Proposition 2, we can find units ue Re 
